technology tips, which provides a forum for innovative uses of technology in the teaching and learning of mathematics, appears seven times each year in Mathematics Teacher. Manuscripts for the department should be submitted via http://mt.msubmit .net. For more background information on the department and guidelines for submission, visit http://www.nctm.org/publications/ content.aspx?id=10440#tech.
It allows users to produce applets that can be presented via the Web, and the software runs on all major computer operating systems (Hohenwarter and Preiner 2007) .This article will investigate a special property of cubic polynomials using algebra and geometry and then using derivatives from calculus.
BecoMIng FAMIlIAR WIth geogeBRA
After downloading a free copy of GeoGebra from http://www.geogebra.org/ cms/en/installers and installing the software on your computer, start GeoGebra. You should see a screen similar to that shown in figure 1. Readers unfamiliar with GeoGebra should refer to this figure throughout the article.
Enter the equation f(x) = x 3 -x 2 -4x + 4 by typing f(x)=x^3-x^2-4*x+4 into the Input box and then hit enter on the keyboard. To construct the tangent line to f(x) at the point (0, 4), we will use the Slider button and parameterize the tangent line by its slope.
The tangent line to a given curve at a specific point is almost indistinguishable from the curve at or near the point of tangency. Use the following steps to parameterize the tangent line in terms of its slope: The slope can be changed until the tangent line appears indistinguishable from the cubic polynomial at the point (0, 4). Click on the arrow in the lowerright corner of the Move graphics View button in the toolbar and then select Zoom In. Zoom in on the point (0, 4) once or twice. When you are satisfied with your view, select the Move button and then click on the slider control on the graph, adjusting the slider by using the right and left arrow keys until the line is tangent to the curve at (0, 4). This occurs when m = -4; however, the line will appear to be tangent for values very close to m = -4.
InVeStIgAtIng A SPecIAl PRoPeRty oF cUBIc PolynoMIAlS
From the menu, select File and then new Window to start a new worksheet; use the Input box to graph f (x) = x 3 -x 2 -4x + 4. Now use the Input box to graph y = 0 (the x-axis). Click on the arrow in the lower-right corner of the new Point button and choose Intersect two objects (refer to fig. 1 if necessary) . From the Free objects folder at the top left of the screen, first click on the polynomial and then on the line y = 0. You should see three points-A, B, and C-appear as the x-intercepts of the cubic polynomial (see fig. 2 ).
To construct the midpoints of the segments joining the x-intercepts, click on the arrow in the lower-right corner of the Intersect two objects button and select the Midpoint or center button. Click on point A and then on point B to obtain the midpoint labeled D. Repeat this process for points A and C and for points B and C to obtain two more midpoints-E and F, respectively. Obtain the x-coordinate of the midpoint D by typing g=MeanX [{D}] into the Input box, followed by enter from the keyboard. Repeat this process for midpoints E and F, labeling them H and I (see fig. 3 ).
Next, construct the tangent lines to the cubic polynomial by following the steps listed in figure 4.
To clean up the worksheet and help students determine a special property of cubic polynomials, in the Dependent objects folder at the left side of the screen, click on the small circle beside g(x) (the quadratic) to hide its graph. Do the same for each of the midpoints D, E, and F. From the Free objects folder at the left side of the screen, right-click on f(x), the cubic polynomial; select object Properties; and change the color and line thickness. Repeat this process for the three tangent lines (b, c, and d) to make their graphs stand out.
Recalling that G, H, and I are the x-coordinates of the midpoints of the x-intercepts of the cubic, use the Input box to graph the vertical lines x = G, x = H, and x = I. For these new vertical lines-e, h, and i-change the color, line thickness, and line style (to dashed). Turn on the grid by selecting graphics View from the options menu; select the grid tab and then enable the grid checkbox and chose close (see fig. 5 ). 
To … Type This Command in the Input Box
Graph the derivative of the cubic polynomial
Obtain the slope of the tangent line at point D
m_1=g(g)
Obtain the slope of the tangent line at point E
m_2=g(h)
Obtain the slope of the tangent line at point F Concentrate on what is happening with the tangent lines and the x-intercepts of the polynomial to begin to uncover the special property of cubic polynomials. Go back and review what points of tangency were used when defining the tangent lines. Save your work in GeoGebra at this point; you will need to return to this file later in this article.
QUeStIonS FoR StUDentS
Some possible questions for students doing this activity might be these:
1. In figure 5, 
ADDIng MoRe VISUAl PRooF
To help us see more detail of this common property, GeoGebra will be used to translate a given cubic polynomial and show other cubic polynomials. Return to the worksheet you built in the previous section. First, hide the vertical lines e, h, and i by clicking on the small circles beside their equations in the Dependent objects folder on the left side of the screen. Then label the tangent lines and cubic polynomial by performing the following steps: Repeat these steps for each tangent line (b, c, and d), but, in addition, type y1, y2, and y3 into the name field to change the names of each tangent line (see fig. 6 ).
To see other cubic polynomials along with their tangent lines, click on the Move button and select the cubic polynomial's graph. By clicking on and dragging the graph around the plane, we can see that the special property holds when there are three real distinct zeros of the cubic polynomial. Moreover, the tangent lines disappear when the polynomial does not have real zeros.
geneRAlIZIng By USIng MoRe SlIDeRS
To generalize, we can parameterize the cubic polynomial in terms of its x-intercepts -a, b, and c. Open a new GeoGebra window and insert three sliders named a, b, and c, with min, max, and increment as -5, 5, and 0.01, respectively. Now enter f(x)=(x-a)*(x-b)*(x-c) into the Input box. Input g(x)=Derivative[f(x)] and hide the derivative curve g(x) by clicking the circle besides its equation in the Dependent objects folder on the left side of the GeoGebra window. Color and increase the line thickness for the sliders and curve f(x).
Input y-f((a+b)/2)=g((a+b)/2)* (x-(a+b)/2) to obtain the tangent line through ((a+b)/2, f((a+b)/2)). You will not see the tangent line until the value of the sliders is changed. Add the other two tangent lines at the points ((a+c)/2, f((a+c)/2)) and ((b+c)/2, f((b+c)/2)). You may wish to change the color and line thickness of the tangent lines d, e, and h. You may also wish to turn on the grid for this worksheet and zoom in (see fig. 7 ). Now observe a variety of different cases by moving the sliders (see figs. 8 and 9). This construction, which further illustrates the special property, provides more evidence that the property holds. Of course, the interactive visual graph has some limitations: (1) the parameters extend only from -5 to 5 and can be set only for a range of real numbers with some increment; (2) the construction provides only visual evidence; it is not a proof; and (3) for certain parameters, the tangent lines disappear (since G, H, and I are defined in terms of three distinct zeros of the cubic polynomial).
GeoGebra has been used to illustrate that given a cubic polynomial with three real zeros, a tangent drawn to the curve at the point at which the abscissa is the mean of two of those zeros will intersect the horizontal axis at the other zero.
QUeStIonS AnD FURtheR InVeStIgAtIonS
Following is more direction for students on proving the conjecture and its connection to calculus. 1. The conjecture states that the property works when the polynomial has real zeros; however, the conjecture is also true for polynomials with complex zeros. Choose a real polynomial that has two zeros that are complex conjugates along with another real zero. Show algebraically that the property holds no matter which two zeros you choose. If you have not learned about complex numbers or calculus, then ask your teacher for help. 2. The proof of the conjecture can be established by starting with DAVID A. MILLER, millerd@math.wvu.edu, is an assistant professor of mathematics at West Virginia University in Morgantown. His research areas are undergraduate mathematics education, cognitive science, and illustrating mathematics through technology.
SURFIng note
The Centre for Education in Mathematics and Computing (CEMC) was founded in 1995 at the University of Waterloo in Ontario, Canada, to generate and distribute highquality mathematics and computer science materials. The CEMC "aims to increase enjoyment, confidence and ability in mathematics and computer science among students and teachers in Canada and internationally." The CEMC home page can be directly accessed at http://www.cemc .uwaterloo.ca/index.html.
Perhaps most notably the CEMC and a highly qualified group of teachers from across Canada meet several times every year to write and organize internationally recognized mathematics and computer science contests. Contests cover curriculum common to all Canadian provinces but are also designed to test "ingenuity and insight" and "logical thinking and mathematical problem solving." A treasure trove of past contests that will delight any mathematician, young or old, can be found at http://www.cemc .uwaterloo.ca/contests/past_contests.html.
